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Two point funtion for a simple general relativisti quantum model
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∗
Instituto de Matemátias, UNAM, Campus Morelia
C.P. 58190, Morelia, Mihoaán, Mexio
We study the quantum theory of a simple general relativisti quantum model of two oupled
harmoni osillators and ompute the two-point funtion following a proposal rst introdued in the
ontext of loop quantum gravity.
I. INTRODUCTION
The quantum dynamis of a general relativisti system is not governed by a genuine Hamiltonian. Instead
the evolution is xed by the rst lass onstraints of the theory, among whih is the Hamiltonian onstraint,
and therefore evolution does not refer to an external (lassial) time parameter - as is the ase in standard
quantum mehanis - but orresponds to the unfolding of gauge transformations. The observables of the
theory are gauge invariant quantities represented by operators ommuting with the rst lass onstraints
and in partiular with the Hamiltonian onstraint and therefore are all onstants of motion. This is at the
heart of the so alled "problem of time" for general relativisti systems: How an we reonile a timeless
quantum evolution with the experimental evidene of the ow of time? A related question is how an we
extrat from the quantum system a lassial limit where the dynamial evolution is desribed with respet
to a parameter playing the role of time.
In order to study suh issues we examine a simple model of two harmoni osillators haraterized by an
hamiltonian onstraint. Suh a model was rst onsidered by Rovelli in [1℄ and its quantum dynamis was
examined in details in [2℄. In partiular in this paper we ompute and study the two-point funtion of this
model, following a proposal introdued in [3℄ to ompute the graviton propagator in loop quantum gravity.
In Se. II we desribe the lassial and quantum dynamis of the system of two harmoni osillators with
an Hamiltonian onstraint, and we give the expression of the projetor operator from the kinematial to the
physial Hilbert spae of the quantum theory. Coherent states are introdued in Se. III. They will play a
key role in the following. Finally we ompute expliitly in Se. IV the two-point funtion of the model and
omment some of its properties.
II. DOUBLE HARMONIC OSCILLATORS
Let us onsider a lassial system of two harmoni osillators (of the same frequeny and the same mass
equal to 1) with positions qa, qb and momenta pa, pb. The dynamis is governed by the hamiltonian onstraint
H(qa, qb, pa, pb) =
1
2
(
q2a + q
2
b + p
2
a + p
2
b
)−M ∼ 0, (1)
where M is a real positive onstant haraterizing the system. The extended onguration spae is C = R2
oordinatized by the observables quantities qa and qb, alled partial observables
1
. The funtion H is dened
on the otangent spae T ∗C = R4.
The ation of the system is
S =
∫
dτ
(
paq˙a + pbq˙b −N 1
2
(q2a + q
2
b + p
2
a + p
2
b − 2M)
)
, (2)
∗
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For the notion of partial observables as well as for a omplete disussion on general relativisti quantum mehanis we refer
to [4℄
2where a dot denotes the derivative with respet to τ and N is a lagrangian multiplier. The variation of
the ation with respet to the variables qa(τ), pa(τ), qb(τ), pb(τ) and N(τ) gives the anonial equations of
motion and the onstraint equation (1). The ation is invariant under reparametrization of the parameter τ
labeling the motion.
The solution to the equations of motion an be parametrized by this non-physial parameter τ
qa(τ) = A sin(τ + φa), (3)
qb(τ) = B sin(τ + φb). (4)
This motion is an ellipse of radii A and B and inlination ∆φ = φa−φb in the extended onguration spae
C, the plane (qa, qb), with (A,B) ∈
[
0,
√
2M
]
and (φ, φ′) ∈ [0, 2pi]. The values of the onstants A,B are xed
by the onstraint (1) to satisfy A2 + B2 = 2M . Due to the reparametrization invariane, the parameter τ
is not onneted with observability and the physial preditions of the system regard relation between the
partial observables a and b, not their dependene on τ . A gauge transformation hanges the phases φa and
φb but not ∆φ. Therefore the physial phase spae is oordinatized by the two quantities A and ∆φ whih
are onstant along the motions, and identify the ellipse.
The anonial quantization of the system is straightforward: The partial observables qa, qb and pa, pb are
promote to self-adjoint operators ating on the kinematial Hilbert spae K = L2[R2, dqadqb] as multipliative
operators and derivative operators respetively, and satisfying the usual ommutation relations. The physial
Hilbert spaeH of the theory is the spae of solutions of the equation dening the dynamis, i.e. the Wheeler-
DeWitt equation:
(
− ∂
2
∂q2a
− ∂
2
∂q2b
+ q2a + q
2
b − 2M
)
ψ(qa, qb) = 0, (5)
where we have take ~ = 1. We introdue the reation and annihilation operators for the two osillators, with
the usual ommutators [a, a†] = [b, b†] = 1, [a, b] = [a, b†] = 0, and the energy eigenstates |na, nb〉 where na
and nb are the energy levels of the osillators qa and qb respetively. The physial Hilbert spae is spanned
by the vetors satisfying the equation M = na + nb + 1. It is onvenient to introdue the quantum number
m = 12 (na−nb) that runs from m = −j to m = j, with j = (M − 1)/2. So that H is spanned by the (2j+1)
states |m〉 ≡ |j −m, j +m〉. The representation of the states in the spae of oordinates is
ψm(a, b) =
(
22jpi(j +m)!(j −m)!)−1/2Hj+m(a)Hj−m(b)e− a2+b22 , (6)
where Hn(q) id the n-th Hermite polynomial. The dynamis an be obtained from an orthogonal projetion
operator P from the kinematial Hilbert spae K into the physial Hilbert spae H, P : K → H, dened by
P =
∫
dτe−iτH =
j∑
m=−j
|m〉〈m|, (7)
and the propagator K of the model is the integral kernel of P . The properties and the lassial limit of the
propagator K have been studied in [2℄.
III. COHERENT STATES
The oherent states in the kinematial Hilbert spae K an be written in terms of the energy eigenstates
|α, β〉 = e−|α|2/2−|β|2/2
∞∑
na,nb
αnaβnb√
na!nb!
|na, nb〉, (8)
where the parameters α, β are funtions of the lassial positions (qa, qb) and the lassial momenta (pa, pb):
α = qa + ipa and β = qb + ipb. To obtain the oherent states in the physial Hilbert spae we use the
3projetor P :
|α, β〉phys = P |α, β〉
= e−|α|
2/2−|β|2/2
∑
na+nb+1=M
αnaβnb√
na!nb!
|na, nb〉
= e−|α|
2/2−|β|2/2
j∑
m=−j
αj−mβj+m√
(j −m)!(j +m)! |m〉. (9)
The wave funtion of this oherent state is peaked around the lassial trajetory determined by the initial
onditions (qa, qb, pa, pb), namely around the ellipse with parameter A and ∆φ determined by α and β. The
normalized oherent state is
|α, β〉normphys =
1√
phys〈α, β|α, β〉phys
|α, β〉phys
=
j∑
m=−j
αj−mβj+m
(|α|2 + |β|2)j
√
(2j)!√
(j −m)!(j +m)! |m〉. (10)
Following the interpretation of general relativisti quantum mehanis given in [4℄, the salar produt between
two oherent states represents a physial transition amplitude,
norm
phys 〈α′, β′|α, β〉normphys =
(α′α+ β′β)
2j
(|α′|2 + |β′|2)j (|α|2 + |β|2)j
. (11)
This produt is in general dierent from zero, revealing the existene of some overlap between oherent
states peaked around dierent lassial solutions. However the modulus square of expression (11), having
the interpretation of the transition probability form the state |α, β〉normphys to the state |α′, β′〉normphys , results to
be maximal when α = α′ and β = β′. In [5℄ Ashworth expresses the salar produt (11) in terms of the
quantity ξ = α/β, and shows that this salar produt, seen as a funtion of, say, ξ′ for ξ xed, is a Gaussian
entered on ξ with width equal to (2j)−1. Therefore in the lassial limit where 2j is large the transition
between oherent states peaked around dierent lassial trajetories is highly suppressed.
IV. TWO-POINT FUNCTION
The two-point funtion for a single (non-relativisti) harmoni osillator is given by
G(t1, t2) = 〈0|x(t1)x(t2)|0〉 = 〈0|x e−iH(t1−t2) x|0〉, (12)
whereH is the hamiltonian and ~ = 1. The standard interpretation is that G(t1, t2) represents the probability
amplitude that a partile reated at the instant t1 is measured at the instant t2. This denition of the two-
point funtion appears to be hardly implementable for a general relativisti quantum mehanial system. The
diulties ome from the absene of a vauum state and a time parameter with respet to whih evolution
is dened for suh system. How an we dene, in a general relativisti quantum mehanial system, the
distane between the two points appearing in (12)? How an we give an interpretation in terms of a partile
propagating between the two points?
Reently a tehnique to ompute the two-point funtion in the ontext of quantum gravity has been
proposed in [3℄. We want to apply this proposal to our system of two harmoni osillators that share with
quantum gravity the basi property of not having any bakground time parameter and no state minimizing
the energy, i.e. no vauum state. The ingredients of the proposal are a boundary semilassial state, the
propagator of the theory, and operators ating on the boundary state. Following [3℄ we take as boundary
state a state living in the Hilbert spae H∗ ×H, in oordinate representation
Ψ(qa, qb, q
′
a, q
′
b) = ψ1(qa, qb)ψ2(q
′
a, q
′
b), (13)
where ψ1(qa, qb) = 〈qa, qb|α1, β1〉normphys and ψ2(qa, qb) = 〈qa, qb|α2, β2〉normphys . The use of oherent state is the
key idea in order to dene the two points appearing in (12), better the "temporal distane" between the
4two points. We hoose the two oherent states ψ1 and ψ2 as peaked around the same lassial trajetory.
Moreover the parameter α1, β1, α2, β2 will identify two partiular points on this trajetory. For an ellipse
given by the lassial motion (3,4), these parameters an be written as
α1 = Ae
−i(τ1+φa), (14)
β1 = B e
−i(τ1+φb), (15)
α2 = Ae
−i(τ2+φa), (16)
β2 = B e
−i(τ2+φb). (17)
Therefore the distane between the two points will be measured by the dierene of the phase fators,
∆τ = τ1 − τ2.
The next ingredient is easly obtained, it's the propagator of the model, namely the matrix elements of the
projetor (7) on the physial Hilbert spae, K(qa, qb, q
′
a, q
′
b) = 〈qa, qb|P |q′a, q′b〉.
Finally we need the operators ating on the boundary state. For that we simply take the produt of the
positions operators qa and qb. We notie that these operators are not gauge invariant, beause they do not
ommute with the hamiltonian onstraint. In partiular the produt qaqb ontains a gauge invariant part,
given in terms of the reation and annihilation operators by ab† + a†b, and a non gauge invariant part,
ab+ a†b†. The role of the propagator will be the one to selet the gauge invariant part of qaqb.
We are now ready to ompute the two-point funtion for our general relativisti quantum mehanial
system following the proposal of [3℄. We indiate the two-point funtion as G(∆τ), where the argument of
G is onneted with the distane of the two points. The expression is
G(∆τ) =
∫
dqadqbdq
′
adq
′
b ψ1(qa, qb) qaqbK(qa, qb, q
′
a, q
′
b) q
′
aq
′
b ψ2(q
′
a, q
′
b), (18)
or in the Dira notation
G(∆τ) = normphys 〈α2, β2|qaqbPqaqb|α1, β1〉normphys . (19)
With simple algebra we obtain
G(∆τ) = 2j(2j − 1) (α2α1 + β2β1)
2j−2
(|α1|2 + |β1|2)j(|α2|2 + |β2|2)j
[
(β2α1)
2 + (α2β1)
2 + 2α2α1β2β1 +
(α2α1 + β2β1)
2
2j − 1
]
.(20)
Substituting the parameters α and β with their expression (14-17),
G(∆τ) =
2j(2j − 1)
M2
(
A2B2 cos2∆φ+
M2
2j − 1
)
e−i2j∆τ . (21)
In the semilassial limit where 2j ∼M the two-point funtion takes the form
G(∆τ) =
(
A2B2 cos2∆φ+M
)
e−iM∆τ . (22)
The result deserves various omments.
• The two-point funtion is a gauge invariant quantity, and therefore an be seen as real physial pre-
dition of the theory. This an be easly proved noting that a gauge transformation on the system
transforms the omplex quantities as α → αeiθ and β → βeiθ. In the oherent states these gauge
transformations appear as an overall phase in front of the vetor, |α1, β1〉normphys → ei2jθ |α1, β1〉normphys .
Hene the expression (19) of the two-point funtion is manifestly gauge invariant. In fat the resulting
formula (21) (as well as the semilassial limit (22)) depends only on the dierene of the phases of
(14-17); a gauge transformation simply adds a onstant quantity to these phases, and suh quantity
disappears in the dierene.
• All the information about the distane of the two points is ontained in the boundary state, namely in
the oherent states determined by parameters (14-17). The presene of the propagator in the expression
of the two-point funtion has the unique role to selet the gauge invariant part of the produt of the
positions operators, qaqb. In ontrast with the two-point funtion for the simple harmoni osillator
(12) where the notion of the two points is oded in the propagator exp−iH(t1 − t2), the ation of the
propagator in (18) only guarantees the gauge invariane of the full expression.
5• The struture of the result (21) (or the semilassial limit (22)) has some analogies with the two-point
funtion of a simple harmoni osillator (12). An easy omputation gives (for onveniene we expliitly
write the mass m and the frequeny ω of the osillator)
G(t1, t2) = 〈0|x(t1)x(t2)|0〉 = 1
2mω
e−i
3
2
ω(t1−t2). (23)
Hene the two-point funtion of a simple harmoni osillator is omposed by two fators, a onstant
term depending only on the harateristis of the system, and a omplex exponential depending on the
energy of the propagating partile and the time interval of the propagation. The two-point funtion for
our system has a similar struture: Two fators, the rst is a onstant term funtion of the properties
of the system (the quantityM) and of the partiular lassial trajetory seleted by the boundary state
(the parameters A and ∆φ), and the seond is a omplex exponential of the "time interval" separating
the two points.
It is worth notiing that the fator
3
2ω appearing in the exponential of (23) represents the energy of
all the partiles involved in the proess: In this ase it is the energy of the rst exited state of the
quantum harmoni osillator. In the very same way, the fator 2j in the exponential of the two-point
funtion (21) represents the total energy of the partile taking part in the proess: Suh energy is xed
by the quantum hamiltonian onstraint.
• Another property of the two-point funtion (18) is to be proportional to the salar produt of the
oherent states that dene the boundary state. In fat the salar produt of the physial states
|α1, β1〉normphys and |α2, β2〉normphys is given by
norm
phys 〈α2, β2|α1, β1〉normphys = e−i2j∆τ , (24)
whih is exatly the exponential appearing in (21).
V. SUMMARY
We have omputed the two-point funtion for the system of two quantum harmoni osillators whih
dynamis is xed by an Hamiltonian onstraint. The omputation was based on the proposal of [3℄ for the
two-point funtion in the ontext of loop quantum gravity. In our model a key ingredient has been the use of
oherent states dened in the physial Hilbert spae and peaked around lassial solutions. The information
onerning the two points of the orrelation funtion is entirely ontained in the boundary state build on
the tensor produt of two oherent states. The notion of time and in partiular the notion of the "temporal
distane" between the two points emerges from an appropriate hoie of the boundary state, and is not
related with the propagator of the system whose role is only to ensure the gauge invariane of the two-point
funtion.
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